We propose a systematic T-matrix approach to solve few-body problems with s-wave contact interactions in ultracold atomic gases. The problem is generally reduced to a matrix equation expanded by a set of orthogonal molecular states, describing external center-of-mass motions of pairs of interacting particles; while each matrix element is guaranteed to be finite by a proper renormalization for internal relative motions. This approach is able to incorporate various scattering problems and the calculations of related physical quantities in a single framework, and also provides a physically transparent way to understand the mechanism of resonance scattering. For applications, we study two-body effective scattering in 2D-3D mixed dimensions, where the resonance position and width are determined with high precision from only a few number of matrix elements. We also study three fermions in a (rotating) harmonic trap, where exotic scattering properties in terms of mass ratios and angular momenta are uniquely identified in the framework of T-matrix.
We propose a systematic T-matrix approach to solve few-body problems with s-wave contact interactions in ultracold atomic gases. The problem is generally reduced to a matrix equation expanded by a set of orthogonal molecular states, describing external center-of-mass motions of pairs of interacting particles; while each matrix element is guaranteed to be finite by a proper renormalization for internal relative motions. This approach is able to incorporate various scattering problems and the calculations of related physical quantities in a single framework, and also provides a physically transparent way to understand the mechanism of resonance scattering. For applications, we study two-body effective scattering in 2D-3D mixed dimensions, where the resonance position and width are determined with high precision from only a few number of matrix elements. We also study three fermions in a (rotating) harmonic trap, where exotic scattering properties in terms of mass ratios and angular momenta are uniquely identified in the framework of T-matrix.
I. INTRODUCTION
Interacting ultracold atoms have gained a lot of research interests for their interaction strength and dimensionality are highly controllable by making use of Feshbach resonance and external confinements [1, 2] . In such dilute atomic gases, the interaction between atoms can be well approximated as contact potential which is characterized by the s-wave scattering length [1, 2] . In this context, the few-body problems play very important roles in studying many-body properties. For instance, solutions of these problems determine effective interactions between atom-atom, atom-dimer and dimer-dimer [3, 4] , which are fundamental elements to formulate the manybody effective Hamiltonian; moreover, the consideration of two-body short-range physics leads to a series of exact universal relations for a many-body system, as first proposed by Tan [5] [6] [7] and recently verified in experiment [8] .
Previous studies of few-body systems have revealed many nontrivial effects. One famous example is the Efimov effect for three atoms [9, 10] , depending closely on the short-range interacting parameter apart from single s-wave scattering length. Another typical effect is the two-body induced resonance scattering and induced bound state due to external confinements [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] . Among most of previous studies, the problems were solved in the framework of two-channel models [25] or by using pseudopotentials [26, 27] . In this article, we present using T-matrix approach to solve few-body problems with s-wave contact interaction in the field of ultracold atoms. Compared with other methods, T-matrix is able to systematically provide exact solutions for few-body problems, and more importantly, is able to work in a much efficient and physically transparent way.
In this article, we shall first formulate T-matrix method and introduce its essential concept, i.e., the renormalization idea to integrate out all high-energy(or short-range) contributions for relative motions. Then a systematic treatment is presented to a general N-body system with contact interactions and with possibly trapping potentials. The key point of this method is to make use of the interaction property and introduce a set of orthogonal molecular states, which describe the external center-of-mass(CM) motions of pairs of interacting particles; then the problem is generally reduced to a matrix equation, and a proper renormalization scheme for the internal relative motions ensures finite value of each matrix element. Using this method, we obtain the bound state solution, scattering matrix element and reduced coupling constant in the low-dimensional subspace. Moreover, the treatment has a lot more physical meanings and allows us to make analytical predictions to various induced resonances under confinement potentials. In all, T-matrix approach is able to unify many studies of different issues in the single framework.
To show the efficiency of this approach, we apply it to study two-body effective scattering in 2D-3D mixed dimensions, where T-matrix not only provides a transparent way to understand the mechanism of multiple resonances, but also gives explicit expressions for the resonance position and the width. Particularly, its efficiency lies in that each resonance can be determined accurately by only calculating a few number of matrix elements. Moreover, we apply this method to study three two-component fermions in a (rotating) harmonic trap, and show its unique advantage in identifying scattering properties in different angular momentum channels. The ground state is obtained for a rotating and trapped system, which gives important hints for quantum Hall physics in the fermionic atom-dimer system.
The rest of this paper is organized as follows. In section II, we introduce the renormalization concept and present T-matrix formulism to solve a general few-body problem. Its relations to other approaches, advantages and limitations are also discussed. Section III is the application of T-matrix approach to two-body problems, where specifically we study the scattering resonances in 2D-3D mixed dimensions. Section IV is the application to three fermions in a (rotating) harmonic trap, where the energy spectrum and scattering property are studied for different mass ratios and angular momenta of three fermions. We summarize the paper in the last section.
II. T-MATRIX APPROACH
In this section we give a systematic prescription of Tmatrix approach to solve few-body problems. The resulted matrix equation is given by Eq.10 in Section IIA, from which we extract three important physical quantities as given by Eqs. (12, 14, 18) in Section IIB. We also discuss its relation to other widely used methods in Section IIC, and demonstrate its unique advantages and limitations in Section IID.
A. Basic concept and general formulism
We start from the Lippmann-Schwinger equation based on standard scattering theory,
Here |ψ 0 is the eigen-state for non-interacting system, with HamiltonianĤ 0 =Ĥ kin +V T composed by kinetic term and external trapping potential; |ψ is the scattered state in the presence of interaction potentialÛ ;
is the Green function; the scattering matrix can be expanded as series
To this end, G 0 , T and U are all matrixes expanded by certain complete set of states. If we use {|ψ 0 } to expand T-matrix, then each T-matrix element in Eq.3 directly relates to the scattering amplitude in the scattered wavefunction and therefore represents the effective interaction in the low-energy space. To obtain the effective interaction, a physically insightful way is to employ the concept of renormalization. For the fundamental twobody s-wave scattering with contact interaction,
one can resort to a simple momentum-shell renormalization scheme [20] . The spirit here is to take all intermediate scattering from low-k(momentum) space to the shell in high-k space as virtual processes, which in turn modify the effective interaction strength(U ) in the low-k space by a small δU ; perturbatively δU in terms of the shell momentum(δΛ) follows
here V is the volume, and ǫ k = k 2 /(2µ) is the energy for relative motion of two particles with reduced mass µ. The resultant RG flow equation reads [28] 1
relates the bare interaction U 0 to the zero-energy effective one(T 0 = 2πa s /µ) via,
with a s the s-wave scattering length. For a general N(> 2)-body problem, the idea of renormalization, though not as explicitly shown as above, always serves as the underlying principle through the whole scheme(see below). Now we proceed with the general T-matrix approach. Suppose a Q−species system, and the i-th (i = 1...Q) species has N i identical particles residing at x i 1 , ...x i Ni ; U i and U ij (i < j < Q) are respectively the bare interaction strengths between particles within the i−th species and between different species (i and j); U i (U ij ) is related to the corresponding scattering length a i (a ij ) via Eq.7. Taking advantage of the zero-range property of the interaction
and thus the same property of T-matrix given by Eq.3, we expand U and T by a set of molecular states {|x i m − x j n = 0, λ }. This state is defined such that one pair of interacting particles(x i m , x j n ) locate at the same site, and λ is the energy-level index for the remanent degrees of freedom. More detailed description of the molecular state is given in Appendix A. Further, for identical bosons/fermions the molecular state should further be symmetrized/antisymmetrized by superpositions of above individual ones. Explicitly we havê
here each state,
, corresponds to one interaction term in Eq.8. The coefficients {f I λ } satisfy
(11) Detailed derivation of Eq.10 is given in Appendix B.
For the two-particle scattering in free space, the energy level {λ} is characterized by the CM momentum, which is conserved by the interaction and thus irrelevant to the scattering problem for relative motions. The molecular state is then as simple as |r = 0 , with r the distance between two particles. Eq.9 is then reduced toT |ψ 0 = f |r = 0 , and f is given by Eq.10 as f −1 ∝ a −1 s + ik, reproducing the well-known relation between the scattering amplitude and the s-wave scattering length (a s ). The applications of this approach to other few-body systems will be introduced in Section III and IV.
B. Calculation of physical observables
With the information of molecular states, all physical quantities can be deduced straightforwardly. We shall enumerate below three quantities that are detectable or observable in experiments.
(I)Bound state solution. In this case |ψ 0 is absent, Eq.10 is given by the pole of T-matrix(see Eq.3), i.e.,
where E b is the binding energy, and the eigen-vector {f I λ } gives the bound state as
For two-particle scattering(with scattering length a s ) in free space, Eqs. (12, 13) give
(II)T-matrix element. Generally, T-matrix element between |ψ 0 and itself characterizes the scattering property of low-energy particles. With Eqs.(9,10), we obtain
which can also be obtained from Eq.3 as ψ 0 |(1 − U G 0 ) −1 U |ψ 0 . For two-particle scattering in free space, f I λ ≡ f is proportional to the scattering amplitude.
(III)reduced interaction. If trapping potentials confine atoms in a lower dimension, there are two distinct scattering channels for the low-energy state, namely the open(P) or closed(Q) channel, depending on whether its wavefunction propagates or decays at large interparticle distance in the lower dimension. The effective interaction strength for low-energy particles in the open channel is modified from the original bare one by virtual scatterings to the closed channels. We assume g eff as the modified interaction strength in open channel, which, for instance, has been defined in the reduced 1D Hamiltonian [12, 13, 21, 29] under tight transverse harmonic traps. Following the same procedure in obtaining T-matrix element in (II), we have
where U ts (t, s = {P, Q}) is the bare coupling strength between two particular channels;
is the Green function for Hamiltonian H Q 0 that only acts on closed-channel states. Again due to the property of U (Eq.8), we insert into Eq.15 a set of molecular states
Iλ |r I = 0, λ r I = 0, λ| [30] . Assuming two column vectors
we then obtain
here U G Q 0 is a matrix expanded by molecular states. Note that g eff is different from ψ 0 |T |ψ 0 in (II) only by the Green function therein. Obviously g eff is the renormalized coupling strength in the open channel by all virtual scattering to states in closed channels.
C. Relations with other methods
In this section, we analyze the intrinsic relation between T-matrix and other widely used methods, such as those in the framework of two-channel models [17, 19] and pseudopotentials [11-13, 18, 31, 32] .
In two-channel models, the closed-channel molecules are explicitly included in the Hamiltonian; these molecules couple to atoms in open-channel and thus mediate interactions between the atoms. In the present Tmatrix method, the molecular states(defined in Eq.9) can be considered as the analog of closed-channel molecules in two-channel models. The similarities lie in that they are both constructed in a way that follows the zero-range property of interaction, and describe the CM motion of two interacting particles.
In pseudopotentials, the problem is solved by applying Bethe-Peierls boundary condition to the wavefunction at short inter-particle distance, i.e.,
here the index I denotes the pair {x 1 , x 2 } and a I is the scattering length between them. On the other hand, we notice that above asymptotic behavior can be automatically satisfied by the present scheme of T-matrix method. To show this, we examine Eq.1 at short inter-particle distance by projecting it to certain molecular state,
To derive Eq.20 we have used Eq.10 and the Fourier transformation of zero-energy Green function in free space. Remarkably, Eq.20 shows that the asymptotic form is given by the inverse of bare potential 1/U I , which is universal regardless of any trapping potential. In this sense, the Bethe-Peierls boundary condition (Eq.19) in the framework of pseudopotentials is equivalent to renormalization equation (Eq.7) in T-matrix method.
D. Advantages and Limitations
In principle, the T-matrix fomulism presented in Section IIA is appliable to a general few-body problem with zero-range interactions. It gives a unified treatment to different scattering issues, as shown in Section IIB. Besides, T-matrix approach has the following advantages.
First, we compare this scheme, using molecular states to expand T-matrix (Eq.10, with that using original N −particle states. The latter requires a matrix dimension as large as Γ N (Γ is the cutoff index for single particle energy levels), while the former could reduce it to at most Q(Q+1) 2 Γ N −1 for a general case and further to
for the special case when CM motion can be separated out.
Second, this scheme is physically insightful in that it reveals general couplings between the CM and relative motions. Specifically, CM serves as external indices of the matrix, while relative motions contribute to each element by the renormalization of internal degree of freedom. As we shall see in Section III, this picture is essentially important to understand the mechanism of resonance scattering in the two-body system.
More advantages related to the realistic calculations will be shown in Section IIIB and IV, when applying this method to specific two-body and three-body problems.
However, the present T-matrix method still has limitations under certain circumstances. When examining Eqs. (10, 11) , one can see that the convergence of the solution from the matrix equation generally requires two conditions. First, each matrix element is finite; secondly, the solution is independent of the matrix size. Any violation of above two conditions implies that the zero-range model is insufficient to characterize the interacting system, such as when Efimov physics emerges in the threebody sector [9, 10] . T-matrix is able to identify the violation of the first condition (see Section IV). However, it would be quite involved for it to identify the second condition. Alternatively, when Efimov physics appear, one can solve the problem by resorting to hyperspherical coordinate method in unitary limit [33, 34] , or by employing a three-body force to eliminate the cutoff dependence [35] . The extension of the present T-matrix approach to identify such nontrivial few-body effects is out of the scope of this paper.
III. APPLICATION TO TWO-BODY PROBLEM
In this section we consider the two-body system. First we present the formulism of physical quantities introduced in Section IIB, for both cases when the CM motion and relative motion can or cannot be decoupled. Finally we apply this method to address the effective scattering of two particles in 2D-3D mixed dimensions. Particularly we emphasize the physical insight given by T-matrix to understand the resonance mechanism, as well as its efficiency in realistic calculation of scattering parameters.
A. Formulism
r and R decoupled system
For trapping potential V T (x 1 , x 2 ) = V T (R) + V T (r), the molecular state is simply |r = 0, λ 0 , with λ 0 characterizing the CM motion and staying unaffected by the interaction. The bound state solution E b is determined from a single equation as
with
here {φ n (r)} is a complete set of eigen-states only for the relative motion. A convergent solution of E b requires that the ultraviolet divergence in each term of Eq.22 be exactly cancelled with each other. This is actually satisfied by a regular potential V T (x) without singularity at any position x [36] . The T-matrix element, T mn ≡ m|T (E)|n , which represents the scattering amplitude from initial state |n to final state |m , is given by
Compared with Eq.21, this shows that a bound state emerges when all elements T mn simultaneously diverge.
Similarly for reduced interaction in the lower dimension, we obtain
where C Q follows the form of Eq.22 with the second summation over all closed channel states. In this sense the confinement induced resonance(CIR), referring to g eff → ∞, occurs at
This in turn determines a closed channel bound state with the same energy as |ψ 0 . Compared to existing exploration of CIR mechanism in quasi-1D system [12, 13] , T-matrix shows in a general way how the divergence of reduced interaction in the open channel is associated with the emergence of a closed-channel bound state at the same energy level. Finally, Eqs. (22, 23, 24) indicate the way how the trapping potentials modify the low-energy scattering theory. The modification is in fact through the intermediate virtual scattering processes, i.e., by redistributing the energy levels and changing coupling strengths between these states. Above formula can be applied to ordinary harmonic confinements studied before [11] [12] [13] [15] [16] [17] .
r and R coupled system
For a general trapping potential, the two-body noninteracting Hamiltonian can be divided to three pieces, describing the relative motion H rel (r), CM motion H cm (R), and couplings in-between H cp (r, R). The molecular state is then introduced as |r = 0, λ , and Φ λ (R) ≡ R|λ is the eigen-state of
Combining with Eq.10, one can obtain all solutions corresponding to (I,II,III) in Section IIB. In this case, the trapping potential can induce multiple two-body scattering resonances as revealed previously in several settings [21, 23, 24] by numerical calculations in coordinate space. Next we show that these resonances can be analytically figured out in the framework of Tmatrix method. We classify the situations by whether the effective scattering is in 3D space or in the reduced lower dimension.
When external trapping potentials are applied but the low-energy scattering wavefunction, ψ(x 1 , x 2 ), can still behave in a propagating way at large 3D inter-particle separations |x 1 − x 2 | → ∞, then its asymptotic form can be written as
Here d is the modified interparticle distance according to the confinement(see also Ref. [23] and discussions in Appendix C); a eff is the effective scattering length, and can be directly related to T −matrix element for zeroenergy scattering state [37] .
According to T-matrix method, assuming Eq.11 yields
with c ν (ν = 1, 2...) the eigenvalue and F ν the corresponding eigenvector, then we have
This equation explicitly predicts an infinite number of resonances (a eff → ∞) when each discretized c ν individually match with µ 2πas by tuning a s in realistic experiments. The resonance position and width can be conveniently extracted from the exact diagonalization of Cmatrix.
To explore the mechanism of these resonances, first we only focus on the diagonal elements of C-matrix. Within each molecular channel, all relative motion levels are coupled together by the attractive interaction and this potentially leads to a bound state. This bound state(relative motion) combined with the molecular channel(CM motion) tend to produce the zero total energy, and thus give rise to the divergent T-matrix or a eff → ∞. By tuning the interaction or a s , the zero-energy state will emerge in order from each molecular channel and cause the resonance of a eff . The width of each resonance is determined by the coupling between the zero-energy scattering state and each molecular state, which becomes narrower for higher levels of molecular states.
However, above understanding of multiple resonances is not rigorous, because different molecular channels could also couple with each other by the combination of H rel (r) and H cp (r, R). This additional coupling, as shown by off-diagonal elements of C-matrix, would give a correction to the ideally predicted resonance position. In the following section, we shall address these issues by studying a specific system with multiple resonances, i.e., two atoms scattering in 2D-3D mixed dimension.
When external trapping potentials are applied such that at low energies, ψ(x 1 , x 2 ) only propagates as two particles are far apart in a lower dimension(open channel), then the same analysis can be applied to the effective interaction g eff in this channel. Now C-matrix is defined by the closed-channel Green function G Q 0 (Eq.16), which equally results in the matrix equation
Combined with Eq.18, it gives
Therefore g eff will go through a resonance as long as one c 
(32) As shown in Appendix C, the effective scattering length a eff for zero-energy scattering is defined by the two-body wavefunction when
Here φ n (z, a 0 ) is the eigen-state of 1D harmonic oscillator with characteristic length a 0 = 1/(m A ω A ); µ = m A u/(1 + u) is the reduced mass and u = m B /m A is mass ratio.
The molecular state in this case is |r = 0, N , where |N denotes an eigen-state of the following Hamiltonian
which describes the CM motion along (trapped) z direction, with oscillation frequency ω = ω A / √ 1 + u and characteristic length a = a 0 /(1 + u) 1/4 . According to Eqs. (29, 34) we obtain
here e N is the eigen-value ofC−matrix (Eq.C6) determined byC N MFMN ′ = e N ′F N N ′ ; the resonance width is given by
with f (N ; n A , k z ) defined by Eq.C4. Due to the contact interaction and reflection symmetry of trapping potential, only molecular states with even parity (N = 0, 2, 4...) are relevant in this case. Fig.1(a) and Fig.2(a) 
Amazingly, we find good accordance between e N and each diagonal matrix elementsC N N , as shown by Fig.1(b) and Fig.2(b) . That means the correction caused by off-diagonal couplings between different molecular channels are actually negligible. There are mainly two reasons for this. First, the amplitudes of off-diagonal C−matrix elements ( C N N ′ ) are much smaller than diagonal ones, and decrease rapidly as |N − N ′ | increases. Secondly, it can be attributed to the destructive interference among couplings with different molecular channels. To see this, we carry out a perturbative calculation in terms of off-diagonal couplings between neighboring molecular states, and get the relative correction to the N −th eigen-value as
Note that N − 2 and N + 2 terms contribute to ∆ N with opposite signs, which results in further suppressed ∆ N . Insets of Fig.1(b) and Fig.2(b) show ∆ N for the first eleven resonances; we see that the most significant effect of off-diagonal couplings occurs for the first resonance but is still negligibly small (∼ 1.5% for K-Rb mixture and ∼ 0.1% for K-Li mixture). The vanishing off-diagonal couplings between different molecular channels establish the unique advantage of Tmatrix scheme, i.e., the resonance can be accurately determined by only a few number of related matrix elements. In the limit of zero couplings, we haveF N ′ N ≈ δ N ′ N and therefore e N = C N N , W N = |f N ;0,0 | 2 (see Eq.C4). In this limit and particularly for resonances at a s > 0 side, the resonance position can be determined by matching bound state energy in each CM molecular channel with the threshold energy of two particles, i.e.,
as shown by the dashed lines in Fig.1(b) and Fig.2(b) . This equation, as is the direct outcome of T-matrix method, has been used previously to determine the resonance positions [24] . In addition, Fig.1 and Fig.2 show that the first resonance, which is mainly due to the coupling between relative motion levels within the lowest molecular channel(N = 0), always occurs at a s < 0 side regardless of u > 1 or u < 1. The resonance position, however, sensitively depends on the value of u, as shown by the vertical dashed lines in Fig.1(a) and Fig.2(a) . This phenomenon is closely related to the distinct behaviors of C N N for different u. On one hand, when u ≪ 1 we can omit the n A -dependence in ln −function in Eq.C6, then using Eq.C5 we obtainC N N → 0 for any N . This implies that when trapping the heavy atom, the resonance positions [(a 0 /a s ) res ] tend to highly aggregate around unshifted position(a 0 /a s = 0). On the other hand, when u ≫ 1, f N ;nA,kz is vanishingly small for finite N , then the first term dominates in Eq.C6. This predicts resonances approaching a s = 0 − . Only for large enough N the rest terms in Eq.C6 would dominate and predict resonances at a s > 0 side.
We note that the dependence of the first resonance position (at a s < 0 side) on the mass ratio u is in qualitative agreement with that for 0D-3D mixtures [22] . Actually we can gain the physical insight of such feature from the analysis of interaction potentials affected by the confinement. Suppose a square-well interaction potential U (r), which is −V 0 at r < r 0 and zero otherwise, between A and B atoms. As V 0 increases, the first scattering resonance occurs at the critical value V c = (π/2) 2 /(2µr 2 0 ) with µ the reduced mass. When A or B is trapped and becomes localized, µ will be effectively enhanced, which reduces the critical V c and gives new resonance at a s < 0 side. µ and V c can be substantially modified if the lighter atom is trapped, and the resonance position will move far away to a s = 0 − side. On the contrary, if the heavier atom is trapped, µ and V c would be little affected by the trapping potential, giving almost unshifted resonance near a s = ∞. This analysis leads to similar conclusions for the resonance scattering in other mixed-dimensional systems, such as 1D-3D mixtures.
IV. APPLICATION TO THREE-BODY PROBLEM
Besides the two-body system, the general formulism of T-matrix approach allows its straightforward extension to other few-body systems. In this section we focus on a three-body system composed by two-component fermions in a (rotating) harmonic trap. We shall first present the formulism and then explore the interesting scattering property and identify the ground state level crossing in this system.
A. Formulism
We consider three fermions with one spin-↓ (x 1 ) and two identical spin-↑ (x 2 , x 3 ) in an isotropic harmonic trap. According to Eqs. (A10-A13) , we transform the
Here (R, r − , ρ − ) and (R, r + , ρ + ) are all Jacobi coordinates, respectively corresponding to the effective mass M R , µ, µ; the CM coordinate R and its mass M R follow Eq.A11; the other Jacobi coordinates are
with the same mass µ = m ↑ m ↓ m ↑ +m ↓ ; the transfer matrix reads
(41) we further obtain ρ + , r + by exchanging x 2 ↔ x 3 in r − , ρ − , and obtain A + by exchanging the second and third column of A − .
Taking advantage of the property of transfer matrix (Eq.A14), we can see that with the same trapping frequency ω, all three Jacobi coordinates (R, r ± , ρ ± ) can be well separated from each other. Independently one can also prove that the total angular momentum is also separable as i=1,2,3L α (x i ) =L α (R) +L α (ρ ± ) + L α (r ± ) (α = x, y, z). Therefore for a trapped system with rotating frequency Ω around z-direction, the relevant Hamiltonian in the rotating frame reads
here
The molecular state is defined with respect to Fermi statistics,
Here the first and second λ represent the identical energy level {nlm} for the motions of ρ − and ρ + under Hamiltonian H 0 . ({n} and {lm} are respectively the radial and azimuthal quantum number). Then we obtain the C−matrix element as
and α 2 + β 2 = 1. To obtain Eq.46 we have inserted into the Green function a complete set of eigen-states {ν, λ ′ } for the motions of (r + , ρ + ). F λλ ′ = F * λ ′ λ here induce the coupling between different molecular levels, and non-zero F λλ ′ require azimuthal quantum number {lm} be conserved. Note that the off-diagonal coupling of molecular states here is due to the many-body statistics, in contrary to the previous two-body case which is due to the external trapping potentials. More details regarding to the evaluation of Eq.45 are presented in Appendix D.
B. Results
In the first part of this section we use T-matrix method to analyze the exotic scattering property of three fermions in different limits of mass ratios and in different angular momenta channels. In the second part, we present the energy spectrum and identify the energy level crossing between different angular momenta states for the (rotating) trapped system. First, when u → 0 as shown by Fig.3(a) , α → 1, β → 0, we have
Therefore the diagonal C-matrix for l = 0 indicates the atom-dimer uncorrelated system with energy E = E a + E d . Physically we can see from Fig.3(a) that, the dimer formed by a light ↑ and heavy ↓ is almost equivalent to single ↓ atom, so the other ↑ has s-wave interaction with this dimer only when l = 0. Here the heavy ↓ dominates the whole physics. Second, in the opposite limit when u → ∞ as shown by Fig.3(b) , the result is completely different. We find in this limit,
(49) There are two direct consequences as follows.
(i)for odd l, C λλ ′ = ∞, i.e., unphysical divergence in the high-energy space can not be properly removed. This is exactly the evidence of Efimov effect for large u where another short-range parameter is required to help fix the three-body problem [9, 10] .
(ii)for even l,Û takes no effect and the system just behaves like non-interacting. This result is consistent with that obtained by Born-Oppenheimer approximation(BOA) [40] . Under BOA, the wavefunction is given by
where the first part describes the light particle moving around two static heavy particles, and f (x 2 , x 3 ) describes for two heavy particles afterwards. By imposing BethePeierls boundary conditions one can find γ = ±1, and the energy of the first part just depends on |x 2 − x 3 |. Therefore the wavefunction is reduced to
and then angular momentum l is determined only by f 1 (x 2 − x 3 ). For γ = 1, the Fermi statistics require l be odd; for γ = −1, l is even but in this case one can easily check that the resultant wavefunction automatically get rid of the interaction, i.e.,Û ψ = 0. Here Fermi statistics of two ↑ spins take the crucial role.
Note that the results presented in (i,ii) uniquely benefit from the concept of renormalization and the procedure in momentum space to eliminate the ultraviolet divergence. These analyses of scattering properties for different mass ratios and different angular momenta will be helpful to understand the ground state level crossing in the following section.
Energy level crossing
First, we identify the energy level crossing between different angular momenta states for a non-rotating system. The energy spectrum of a non-rotating system was previously studied for equal mass [31, 32] , and unequal masses using Gaussian expansion technique [38] and adiabatic hyperspherical method [39] . In Fig.4(a) we show the spectrum for angular momenta l = 0, 1 and for different mass ratios using T-matrix method. We also checked for higher l ≥ 2 and confirm those states are less modified by the interaction and thus not shown here. The system in weak interacting limit(a s → 0 − ) behaves as non-interacting while in molecule limit(a s → 0 + ) as a single dimer plus an atom. This directly results in the inversion of ground state from angular momentum l = 1 to l = 0 as 1/a s increases. As shown in Fig.4(a) , the inversion is denoted by the energy level crossing, and the position of level crossing closely depends on mass ratio u. As expected, when u increases from 0 to ∞, all energy levels with even-l move upwards and the system evolves from decoupled atom-dimer(except for l = 0) to three atoms that are immune from interactions; while all odd-l move downwards until Efimov physics show up and invalidate the present T-matrix method. Therefore by increasing u, the position of level crossing will move to strong coupling side as shown in Fig.4(a) . Intuitively, one can also attribute this to the enhanced s-wave repulsion between atom and dimer [3] .
In unitary limit, our numerical results are in good accordance with those obtained by using hyperspherical coordinates. Previously, hyperspherical coordinate method has been applied to a trapped system with equal mass [33, 34] . In Appendix E we extend this method to arbitrary mass ratios. Note that the maximum mass ratio considered in Fig.3 is much less than critical value, u c = 13.6 [3] , for the emergence of Efimov state in l = 1 channel (as also predicted by Eq.E7 when setting s = 0). In this regime, as the matrix size increases we get convergent result for the energy spectrum.
Finally, we present the ground state for the trapped system with rotation(Ω > 0). By comparing energies of all different angular momenta l we obtain the ground state as shown in Fig.4(b) . We find l = m = 1 state is gradually favored by the rotation. The energy gain of this state is analyzed to be partly from the reduction of kinetic energy with respect to l = 0, and partly from the avoided s-wave repulsion between atom and dimer. As Ω increases, the system evolves to the atom-dimer quantum Hall state; particularly at Ω = ω, all states with odd-l degenerate. Finally we expect above quantum Hall physics of fermionic system could be studied in experiment, as recently realized in a rotating few-body bosonic system [41] .
V. SUMMARY
In conclusion, we present a systematic T-matrix approach to solve few-body problems with contact interactions in the field of ultracold atoms. Taking advantage of zero-range interactions, the key ingredient of the present T-matrix method is to project the problem to a subspace that is expanded by orthogonal molecular states, and meanwhile take careful considerations of the renormalization for relative motions. This method successfully unifies the calculations of various physical quantities in a single framework, including the bound state solutions, effective scattering lengths and reduced interactions in the lower dimension.
We present two applications of this approach, namely, two-body scattering resonances in 2D-3D mixed dimensions and properties of three fermions(↑↑↓) in a 3D (rotating) trap. For the two-body problem, we show that T-matrix provides a physically transparent way to understand the mechanism of induced scattering resonances. Besides, it also gives explicit expressions for the resonance positions and widths. Due to the separate treatment of relative motions from CM motions, each resonance can be determined accurately by only considering a few related matrix elements. For the three-body problem, T-matrix enables us to identify exotic scattering properties of three fermions in different angular momentum channels and with different mass ratios. In a rotating system, these properties provide important hints for the quantum Hall transition from zero to finite angular momentum state. Overall, the external confinements, mass ratios, and bosonic/fermionic statistics all play important roles and give rise to very rich phenomenon in these few-body systems.
The author thanks Hui Zhai, Shina Tan, Fei Zhou, Hui Hu and Doerte Blume for useful discussions, and In this appendix, we show how to construct an individual molecular state in the most efficient way. Let us consider a system of N particles with masses m 1 , ...m N and coordinates x 1 , ...x N . For a general case, the molecular state is written as
In coordinate space it can be factorized as
, where φ ni (x i ) is the eigen-state of single-particle Hamiltonian
and Φ N (X) the eigen-state of
Here V T,i is the trapping potential for the i−th particle. The overlap between the molecular state(Eq.A1) and Nparticle state( N j=1 |l j ) is
The Green function term in Eq.11 can then be computed efficiently as
To this end we have shown a general way to construct an individual molecular state. Furthermore, for special trapping potentials which enable the decoupling of CM motion from other motions, it is convenient to remove the CM motion from the problem and transform the effective coordinate vector
to the Jacobi coordinates
by a matrix equation
with A-matrix element
For the CM motion, we have the coordinate and the mass
for other motions, we take the unique choice as
According to Eq.A10, A-matrix satisfies
here I is identity matrix; this gives
and
Therefore M R , µ, ν 1 , ...ν N −2 can be considered as the effective mass respectively for the motion of R, r, ρ 1 , ...ρ N −2 . By decomposing the trapping potential to be
we choose the molecular state |r = 0, λ such that its realspace wavefunction φ λ (ρ 1 , ...ρ N −2 ) is the eigen-state of the following Hamiltonian for N − 2 particleŝ
The Green function in Eq.11 is obtained by inserting eigen-states of the following Hamiltonian for N − 1 particleŝ
Compared with Eq.(A1-A6) for a general case, the degree of freedom here is further reduced by one particle.
with ρ AB the relative coordinate of A and B in xy plane and z A , z B their respective coordinate in z-direction; E is counted from the zero-point energy ω A /2. For large separations, both e ikρ·ρ AB and e ikzzB oscillate far more rapidly in k-space than T-matrix term. Thus in the limits of E → 0 + and |ρ AB |, |z B | → ∞, we can specify k ρ = 0, k z = 0 in all T-matrix elements and reduce Eq.C1 to
, and a eff directly related to T-matrix element as given by Eq.34.
In Eq.36, e ν and W N can be obtained from the diagonalization of the following matrix
Using the exact identity nA |f N ;nA,kz | 2 = 1,
we eliminate the logarithmic divergence when summing over k ρ and finally simplify Eq.C3 to bẽ
In practical calculations, we set the cutoff of n A to be 1000 for K-Rb(m A < m B ) and 700 for K-Li(m A > m B ) mixture, depending on the convergence in terms of n A in each case. The cutoff ofk z (= k z a 0 ) is chosen within 20 ∼ 30 to check the insensitive dependence on the cutoff and ensure the accuracy of the integration. 
where
n is the generalized Laguerre polynomial; the corresponding eigen-energy is E nlm = (2n + l + 3 2 )ω − mΩ. The eigen-solution(E) of the interacting system is determined by Eq.12, or equivalently (for given {lm})
whereC nn ′ = A n δ nn ′ −F nn ′ , with
, (D3)
HereẼ = E/ω. In our numerical simulations, the typical size of the matrix for diagonalization is 50 × 50. When sum over intermediate states, the actual cutoff of n ′′ , namely n c , depends on the values of {n, n ′ }, which is constrained by B nn ′ n c ≤ 10 −4 in practical calculations.
Appendix E: Unitary three-fermions with arbitrary mass ratios
In unitary limit, it is convenient to use hyperspherical coordinates to express the three-body wavefunction [10, 33, 34] as
with r ± , ρ ± given by Eq.40; P 23 is the permutation operator for identical fermions 2 and 3;
are respectively the hyperradius and hyperangle. Using this ansatz, we obtain two decoupled Schrodinger equations for R and ξ, 
On the other hand, the Bethe-Peierls boundary condition applying to Eq.E1 gives 
which are the most relevant equations to the phase transition discussed in Section IVB. For equal mass µ = m/2, above equations reduce to those in Ref. [33, 34] . Note that the validity of above assumption (s > 0) in deriving Eqs.(E6,E7) closely depends on the mass ratio u and the angular momentum l. For any given l, the hyperangular equation (E4) and condition (E5) provide the solutions for s, which has double degenaracy(s and −s). For l = 1 channel, the zero-range model would provide universal energy solutions for u < 8.62 (with s > 1) [42] . When 8.62 < u < 13.6 (0 < s < 1), the energy solution will depend on the details of interacting potentials and 3-body resonance might happen by tuning the potentials [43, 44] . When u > 13.6 (s 2 < 0) the imaginary s indicates the Efimov physics with infinite number of shallow trimers [3] .
In the actual computation of energy spectrum using Tmatrix, for nearly all mass ratios below 13.6 one would get the energy spectrum with good convergence, as the matrix size of Eq.D2 is increased. The signal of 3-body resonance(occurs around u = 12.3 with s = 1/2) is vanishing weak due to the infinitesimal width produced by zero-range model [45] . Therefore in the regime of u < 13.6 one can just consider the s > 0 solution. Then the hyperradius equation (E3) gives the energy E = (2n + s + 1)ω with n(= 0, 1...) a semi-positive integer. In the rotating frame, the energy is further shifted by −mΩ, with m the magnetic quantum number and Ω the rotating frequency.
